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Abstract 

In this paper we investigate the differential geometric and algebro-geometric prop¬ 
erties of the noncollapsing limit in the continuity method that was introduced by the 
first two named authors in [Ill- 
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1 Introduction 


The Analytic Minimal Model Program through Kahler-Ricci flow was initiated by the 
second named author and his collaborators (H2], [281121 EDI, EH)- Many progresses 
have been made on the program (see pi, [2H [251 [26U27], [3D [321 El], @6] et al) in 
addition to what mentioned above. However, there are some serious difficulties in studying 
the singularity formation of the Kahler-Ricci flow because we do not know how to bound 
the Ricci curvature from below along the flow. To overcome these difficulties, in ESI, 
the first and second named authors introduced a new continuity method. It provides an 
alternative way of studying the Analytic Minimal Model Program and has the advantage 
of having Ricci curvature bounded from below along the deformation, so many analytic 
tools become available. 

In this paper we investigate the differential geometric and algebro-geometric properties 
of the limit in the continuity method. We will focus on the noncollapsing case and confirm 
some conjectures proposed in m under the algebraic assumption of the Kahler class. This 
may be seen as the first step toward the Minimal Model Program through the continuity 
equation. 

The method to study the algebraic structure of the limit space is provided by the partial 
C° estimate for a polarized line bundle on a Kahler manifold, following the recent work 
of Donaldson-Sun m and Tian [38] (also see [39]). In our case, however, the considered 
will be a “limit line bundle” of polarized bundles, so it is not canonically related to the 
Kahler metric on the underlying manifold. In general, this may cause some problem in 
finding numerous of holomorphic peak sections. Similar problem also appears in Kahler- 
Ricci flow [26j . In [26], Song proved the convergence of the normalized Kahler-Ricci flow 
on a minimal model of general type in the Cheeger-Gromov sense to a compact singular 
Kahler-Einstein metric on its canonical model. Song developed some analysis on the limit 
space to prove the theorem, namely the gradient estimate to the limit potential function, 
the gradient estimate to the holomorphic sections of canonical line bundle, the Hormander 
L 2 estimate and a diameter estimate to the singular Kahler-Einstein metric. These depend 
on the property of (real) codimension 4 singularity in the Cheeger-Gromov limit space so 
that one can construct good cut-offs on both the limit space and its tangent cones. In 
our case, the Hormander L 2 estimate holds automatically for the continuity method. The 
main difficulty in the continuity method is that the Cheeger-Gromov limit as well as its 
tangent cones may have (real) codimension 2 singularities. However, one can show by 
recursion that if this happens at a point in the tangent cone, then the singular set around 
that point must be a locally analytical set modeled by taking the limit of a divisor (ample 
locus of the limit Kahler class) on the original manifold. The picture fits into the case of 
convergence of conical Kahler-Einstein manifolds as considered in [39] . 

We begin with a compact projective manifold M with a Kahler metric luq € qc\(L ) 
where L' is a line bundle, q is a positive rational number. Consider a 1-paranreter family 
of equations [19] 

uj = ujq — t Ric(w). (1-1) 

The equation is solvable up to 

T =: sup{f|[u;o] — tc\(M ) > 0}. (1.2) 
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In the special case when the limit does not collapse, we have the following theorem. 

Theorem 1.1 ([19]). Assume T < oo and ([cuo] — Tc\(M)) n > 0, then cot converge to a 
unique weakly Kahler metric lot which is smooth outside of a subvariety Sm and satisfies 

lot = ojq — TRic(w'r)) on M\Sm- (1-3) 

Here, the subvariety Sm equals the non-ample locus of the cohomological class 

Sm = P|{.D|-D is a divisor satisfying [wo] — Tc\{M) — e[D] > 0 for some e > 0}. (1.4) 

It is conjectured in [191 Conjecture 4.1] that the limit space has more regular properties, 
such as metric structure and algebraic structure, and the convergence of (M, uf) takes place 
in the Cheeger-Gromov topology. In this note we confirm this conjecture partially. 

Theorem 1.2. Assume as in above theorem. Then 

(1) ( M,ujt ) converges in the Cheeger-Gromov topology to a compact path metric space 
(. Mx,dx ) which is the metric completion of (M\Sm,ojt); 

(2) Mt has regular/singular decomposition Mt = TIL) S, a point x E TZ iff the tangent 
cone at x is C n ; 

(3) S is closed and has real codimension >2 , 1Z is geodesically convex; 

(4) Mt is homeomorphic to a normal projective variety with S corresponding to a sub- 
variety. 

Remark 1.3. Our proof here used the Kawamata base point free theorem. We hope to 
remove this constraint eventually and prove the Kawamata base point free theorem for 
a general line bundle by applying a refinement of our method here together with some 
arguments in m- 

Remark 1.4. The next step toward the Minimal Model Program is to construct flips and 
deform the continuity equation G3D through the singular time T. This is basically the same 
as the Kahler-Ricci flow in [30]. We will leave the discussion in a forthcoming paper. 

Acknowledgement: The third named author is visiting the Math Department of Prince¬ 
ton University. He would like to thank the department for the nice working environment. 
He also want to thank Jian Song for his discussion on the Proposition 3.22. 

2 A prior estimate to the continuity equation 

In this section, we present some estimate to the continuity equation (11.11) . By a dilation of 
the cohomological class [cuo] and the time parameter, we may assume that [wo] = ci(L ) for 
some line bundle L . The rationality theorem of Kawamata [T6j says that T £ Q. Take a 
positive integer £q such that Tt o € Z, and define the “limit line bundle” L = £q(L +TKm )• 
Let u>t, t E [0, T), be the solution to (11.11) with initial metric uq. Since the limit class 
[wq] + TKm is nef and big, according to the base point free theorem [17], we may assume 
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4 is chosen such that L has no base points. Let Hq be any Hermitian metric on L. An 
orthonormal basis of (L. Hq) at time t = 0 gives a holomorphic map 

<I> : M C P N (2.1) 


where N = dim H°(M: L ) — 1. Denote by the Fubini-Study metric of C P N , then the 
pull back form t]t = defines a smooth metric on M reg , the set of regular points 

of <F. 

By putting rj t = a family of background metrics, the solution w* can be 

written as 

ut = m + V^lddu t . ( 2 . 2 ) 

Since y(wo ~ Vt) € c\(M), there is a smooth volume form SI on M such that 

Ric(D) = i(wo -r/r). (2.3) 

Then, the continuity equation (11.111 is equivalent to 

(rjt + V^lddu t ) n = (2.4) 


By [15], the solution (M, uit) converges smoothly outside Sm to a limit metric t ot satisfying 


Ric(wr) = — (ui 0 - uj t ), on M\S M - 
Lemma 2.1. There is a constant C independent oft such that 

ll«t||c° < c, Vt G [— ,T). 


(2.5) 


( 2 . 6 ) 


Proof. The uniform upper bound of ut is trivial consequence of the maximum principle. 
The L°° bound follows from the capacity calculation of Kolodziej [18] : see also [43] or [T2] 
for exactly our case when ut has a uniform upper bound. □ 

Corollary 2.2. There exists C independent oft such that 


C -1 n <cof< Cft, Vf € [^,T) 

Lemma 2.3. There exists C independent oft such that 

/ ;; T 

u , u < C, V— < t < T. 

’ - ■ 2 ~ 


(2.7) 


( 2 . 8 ) 


Proof. If there is no confusion, we simply denote ujt by a;. Differentiating the Monge- 
Arnpere equation (I2.4]l to get 

tr^u; =-p(tu — u) (2.9) 


where 


| f Y _ _ _ _ t 

oj = — (jjT — wo) + V—lddu = -(w — wo — V—lddu) + V—lddu . 


( 2 . 10 ) 
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Thus 


A (tu — u) = tr^ (tu — u + cuq) = - (tu — u) + tr w wq — n. 


( 2 . 11 ) 


Then applying the maximum principle we derive tu — u <C. To get the upper bound of 
u we first observe that (12.91) gives tu — u = t 2 tr w u . Taking derivation, 

tu = 2ttr UJ u + t 2 Au — t z \u \ = t 2 Au — u — tu f + n. 


So, 


o. " " i ' 19 

rAu = tu + \u — tu \ — 


n. 


Then apply the maximum principle. 


( 2 . 12 ) 

□ 


Lemma 2.4. The function ut converges uniformly to a bounded function ut satisfying 

(t/t + V—Iddur) 11 = (2.13) 

in the current sense. 


Proof. By (12.111) . 

Thus, 


A /U\' 

tA (j> = 

t A( 


,Us' 1 / \ ,U\' 

{-) +-(tr w w 0 -n) > (-) 

U s' /U s' 

— — n log t) > (— — n log t) . 


n 

t 


So, (j — nlogt) is monotone decreasing. Consequently, ut converges uniformly to a unique 
limit ut- It is obvious that ut is smooth outside Sm and (12.131) holds in the current 
sense. □ 


Remark 2.5. Similarly, the formida (12.121) imply that (u — nlogt) < 0. In particular, 
( u — nlogt) decrease to unique functions on M which is locally bounded on M\Sm- 

Remark 2.6. The function ut is the unique solution to the Monge-Ampere equation (|2.13p 
in the big class [wo] +TKm, cf. [2]. 

Proposition 2.7. There exists C independent oft such that 

VT<Coj t ,Vt£[^,T). (2.14) 

Proof. By Yau’s Schwarz lemma @3], using Ric(wt) > — jut, 

Tl 

Au log tr w t] T > - - - n tr w rj T . 

On the other hand, ry > er/x for some e > 0 independent of t, so 


A u = n — tr^ rjt < n — e tr w px- 


Hence, 

A^(logtr u ijr - —u) > + n tT IJJ r] T , Vf € [^,T). 

Notice that the maximal of (log tr^, rjx — ^pn) is achieved at some point xo where rjx / 
0. At this maximum point, tr u r]x(xo) < C. The maximum principle gives the desired 
estimate tr^ rjx <C for any < t < T. □ 
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Corollary 2.8. The limit metric ojt is smooth on the regular set M reg . 

Proof. On any compact subset K C M reg the measure rff is uniformly equivalent to Pi. 
So, by (J2.13I) and (J2.14I) 

C ^Vt < wt < CrVt , on K , 

for some constant Ck■ In particular n + A Vt ut < Ck on K. Then applying a bootstrap 
argument we get the higher derivative bound || , ut||c' c (A') — Ck,K on K. □ 


Remark 2.9. In Section 3 we will show that wj converges smoothly to ojt on M reg and 
that M\Sm C M reg . 

Inspired by Kahler-Ricci flow we define w = (T — t)u + u which satisfies 


A 1 T 

Am = —w + n — tr w tjt - ~u. 

t t z 


This can be seen by combining 


(2.15) 


and 


T — t t 

A u = n -— tr w w 0 - — tr^ r] T 


A u = tu - u) + ^ tr^(w 0 - r] T ). 


A direct corollary of (12.151) is 


Mlc° + 11 Am 11 qo < C,\/t € [— ,T). 


Combining with the C 0 bound of u we also have 


Yzr t <u <c, vt€[|,r). 


(2.16) 

(2.17) 


(2.18) 


(2.19) 


Proposition 2.10. There exists C independent oft such that 

||Vm|| c o <C, Vte [|,T). (2.20) 

In particular, since u converges to a locally bounded function on M\Sm, 


IIVi^IIco < C , on M\Sm■ 


( 2 . 21 ) 


Proof. The authors learned the second estimate from J. Song. It is inspired by the cal¬ 
culation in Kahler-Ricci flow; see }46| and [26]. Recall that the continuity equation HED 
gives Ric(u) = j{ojo — w), so by the Bochner formula, 

A|Vm| 2 = |VVm| 2 + |VVm| 2 + ViAmV^m + V^AmV^m + -(wo — w, d m <g> dw) 
where, by (12.151) . 


V,;AmVjm + V^AmV,m = j|Vm| 2 — 2 Re ( V* tr w tjt'Vjw ) —— Re ( V,;uV^m 


t 
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So. 


A|Vu;| 2 > |VVu>| 2 + |VVw| 2 + j|Vw| 2 — 2Re tr w ^V'wj — Re ( ViuV^w 
1 1 fiT 2 

> —|Vw| 2 — 4f|V tr^ t ] t \ 2 -p—|Vu| 2 . 

To estimate the term |V trr/'p | 2 recall that by the Schwarz lemma 


Atr w rjr > tT^rjrl - y - Atr^rjT ) + —-—|Vtr^r / T | 2 > -C\ +C 2 ^Vtr^r/rl" 
i / tr^ r/ T 


where we used the (7° bound of tr w r)T', to estimate the term |Viit | 2 we use 

T — t t T — t 

A(-u) = —n H-— tr w w 0 + — tr w rj T > —— tr w w 0 - C 3 


and 

T — t 

A u 2 = 2uAu + 2|Vrt | 2 > 2|Vrt | 2 — C 4 ——— tr w wo — C 5 . 

The constants C, here do not depend on 4 G [|,T). A combination gives 

AMVrc | 2 + 4tC 2 tr w rj T + -^ 3 -n 2 - r^~ c ^ u ) ^ Vw | 2 - C 6 . 

By maximum principle we get a uniform upper bound of |Vrc| when i € [|, T ). □ 

Remark 2.11. In §3.2, we will show that M\Sm is dense in the Gromov-Hausdorff limit, 
so ut is globally Lipschitz. 


3 Algebraic structure of the limit space 

3.1 Preliminaries 

We start with the Bochner and Weitzenboch formulas on a general line bundle. Let ( M, oj) 
be a Kahler manifold of dimension n and (L, h) be a Hermitian line bundle over M. Let 
&h be the Chern curvature form of h. Let V and V denote the (1,0) and (0,1) part of 
a connection respectively. The connection appeared in this paper is usually known as the 
Chern connection or Levi-Civita connection. 

For a holomorphic section g € H°(M,L ) we write for simplicity 

I?) — |?|h; |^?| — 

and 

|VV ? | 2 = X] |V*V i? | 2 , |VV ? | 2 = X] |V ? V i? | 2 . 
ij i,j 

By direct computation we have 
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(3.1) 


Lemma 3.1 (Bochner formulas). For any ? € we have 

AJ ?| 2 = |V ^| 2 - |?| 2 - try©, 

and 

AJV ? | 2 = |VV ? | 2 + |VV ? | 2 - VjQijk, V 7 0 - Vj(tr w 0)(V^,0 

+%(V^,Vi0 - 20 i j(Vj?,V i 0 - |V ?| 2 -tr w 0, (3.2) 

where Rfj is the Ricci curvature ofu, (,) is the inner product defined by h. 

Lemma 3.2 (Weitzenboch formulas). For any smooth section f € T(T 0,1 M 0 L) we have 

(5*5 + 55*)Z = V*V£ + (0 + Ric(w)) (£, •), (3.3) 

and 

(5*5 + 55*)^ = V*V£+ ©(£,■)- (tr w 0 )e (3.4) 

where Ric(£, •) (similar to 0(£, •)) is defined by, for £ = oqdz l ®<i m /ocaZ normal coordinate, 

Ric(£, •) = Rfjoqdz 3 0 ?. 

We also need a special version of the effective finite generation property of a line 
bundle. Suppose the line bundle L satisfies in addition that (i) L is base point free 
and (ii) L — Km is ample, then by Skoda division theorem, we have the following: let 
so, • • • , sat be an orthonormal basis of H°(M ; L) with respect to the L 2 metric, then for 
any s € H°(M\L k ), k > n + 1, we have the decomposition (cf. [20J Proposition 7]) 

s = ^2 e « s o°''' s n N (3-5) 

a£N N ,\a\=k—n—l 

where e a € H°(M\L n+1 ) satisfying 

f \e a \ 2 hn+1 iw n < C(k,h,u) [ \s\ 2 hk oj n , (3.6) 

JM JM 

the constant C(k , h,u) depends on the metric h, u, the power k and the upper and lower 
bound of the Bergman kernel po(x) = JT |sj(x)|^. 

3.2 Cheeger-Gromov convergence: global convergence 

From now on, let ut,t € [0, T), be the maximal solution to the continuity equation (11,11) 
on a Kahler manifold M. The metric ut converges smoothly on the ample locus M amp = 
M\Sm■ In addition, since Ric(cut) > — jut, by Gromov precompactness theorem, for any 
sequence t, % —> T and fixed xo £ M am p , we may assume that 

(M,ia ti ,x o) -^4 ( Mx,dx,XT) (3.7) 

after passing to a subsequence if necessary. The limit (My, dx) is a complete length metric 
space, maybe noncompact in a prior. It has a regular/singular decomposition Mt = 1ZUS, 
a point x € 1Z iff the tangent cone at x is the Euclidean space R 2n . The proof of the 
following lemma is exactly same as (23i Proposition 8 ] so we omit it. 
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Lemma 3.3. There is a constant 5 > 0 such that for any ^ < t < T, if a metric ball 
Buj t {x,r) satisfies 

vol Wt (B ut (x,r)) > (1 - S)vol(B^) (3.8) 

where vol(-B)?) is the volume of a metric ball of radius r in 2n-Euclidean space, then 

Ric(wt) < (2 n— 1 )r~ 2 (jOt, in B 0 Jt (x, 6 r). (3-9) 

If x E 7Z, then, by Colding’s volume convergence theorem [9j, there is r = r(x) > 0 
such that 7i 2n (Bd T (x,r)) > (1 — |)vol(S°), where Ti 2n denotes the Hausdorff measure. 

dQM 

Suppose Xi E M satisfying x,; —T x, then by the volume convergence theorem again, 
vol u t (B^ (xi,r)) > (1 — 5)vol(B®) for i sufficiently large. According to above lemma, 
together with Anderson’s harmonic radius estimate [1], there is 6 = 5 ( a ) > 0 for any 
0 < a < 1 such that the C 1,a harmonic radius at Xj is bigger than S Sr. Passing to the 
limit, it gives a C 1,a harmonic coordinate on Bd T (x,r). This implies in particular that 
Bd T (x,r) C U. So 7Z is open with a C 1,a Kahler metric, denoted by Cut', moreover the 
metric converges in C 1,a topology to Cut on 1Z for any a E (0,1). 

For any metric u let be the length metric induced by uu. 

Lemma 3.4. (Mr, dr) = (7 Z,d QT ), the metric completion of fJZ,d^ T ). 

Proof. There is an exhaustion of 1Z by compact subsets I\i with K L C K; l+ \ and a sequence 

C^ ,a 

of embeddings f>i : Ki —>• M such that (1) 4>i(xt ) = xq, (2) ct>*uuti on 1Z and 

(3) 4>i defines a Gromov-Hausdorff approximation of the convergence (M^uut^x o) 

(Mt, dr, xt)- The third fact follows from a standard argument using Codim5 > 2, cf. [6]; 
see also m or [47] , Moreover, (3) together with (1) implies (M, cut^xo) converges in the 
Gromov-Hausdorff topology to ( 7Z , . By the uniqueness of the complete limit space 

we have (Mt^t) = {TZ,d QT y □ 

Lemma 3.5. 1Z is geodesically convex in Mt in the sense that any minimal geodesic with 
endpoints in 1Z lies in 1Z. 

Proof. It is simply a consequence of Colding-Naber’s Holder continuity of tangent cones 
along a geodesic in Mt DS3- Actually, if x, y € 1Z, then for any minimal geodesic connecting 
x and y a neighborhood of endpoints lies in 1Z, so the geodesic will never touch the singular 
set S. □ 

Let D be any divisor such that Sm C D. Define the Gromov-Hausdorff limit of D 

Dt =: {x € Mt\ there exists Xj E D such that x, x.} 

Proposition 3.6. (Mt, dm) is isometric to (M\D,d ulT ). 

Proof. First observe that, by the smooth convergence outside D, Mt\Dt C TZ and 
(. Mt\Dt,Cut ) is isometric to (M\D,lut)- We make the following 

Claim 3.7. Dt\S <ZlZ is a subvariety of dimension (n — 1) if it is not empty. 
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Proof of the Claim. Let x € Dt\S and Xi € T converges to x. By the C 1,a convergence of 
L0 ti around x, there are C,r > 0 independent of i and a sequence of harmonic coordinates 
in B UJf (xi,r) such that C~ 1 uie < ut t < Cue where ue is the Euclidean metric in the 
coordinates. Since the total volume of D is uniformly bounded for any ut, the local analytic 
sets D PI B wt .(xi,r) have a uniform bound of degree and so converge to an analytic set 
D t n B d/r (x,r). □ 

It follows the Hausdorff dimension of Dt = 5U ( Dt\S ) is less than or equal to 2 n — 2. 
Then as in Lemma 13.41 following the discussion in [ 6 ], one can show that the length metric 
<Iq t on Mt\Dt is same as dx- It infers the required isometry 

_iso_ 

(■ Mx,dr ) = ( M T \D T ,do T ) = ( M\D,d^ T ). 


□ 


A direct corollary is 

Corollary 3.8. (M,ut,x o) converges globally to ( Mx,dx,xx) in the Cheeger-Gromov 
sense as t —>• T. 

Let M s i n g be the subvariety of critical points of $ and M reg = Af\M s i ng . We have 
shown that ut is a smooth metric on M reg . Another corollary is 

Corollary 3.9. (Mx, dr) is isometric to (M reg , d WT ). 

Proof. Notice that M reg \(M\D ) = M reg n D has codimension 2 in (M reg , ut). Thus, 
the length metric d u , T on M\D equals to the restricted extrinsic metric from (M reg , d UT ). 
Since M\D is dense in M reg , we conclude the desired result 

iso_ _ _ 

(Mt, dr) = (M\D,dw T ') = (M regl = (A/regj dij T ). 


□ 

Lemma 3.10. The identity map id : M reg —>• M gives a Gromov-Hausdorff approximation 
representing the convergence ( M,ut ) —>• (Mt, dr) as t —>• T. 

Proof. First observe that (M\D, dr) is dense in (M reg , dr) and (M\D, dr) = ( M\D , d UT ). 
So, it suffices to show that id : (. M\D,d UT ) —>• (M,ut) defines a Gromov-Hausdorff ap¬ 
proximation. This follows from the same argument as in the proof of Lemma 13.41 □ 

Therefore, the identity map id extends to an isometry 

id : (. M Teg ,du , T ) -» (Mr,dr)- 

Proposition 3.11. (1) ut converges smoothly on M reg to ut- 
(2) id(M reg ) = 1 Z, the regular set of Mt- 
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Proof. (1) For any compact subset K C M reg , there is r = tk > 0 such that vol^ (Bd T (x, r)) > 
(1 — |)vol(-B^) for any x £ K, where 5 is the constant in Lemma 13.31 Then, since the 
identity map represents the Gromov-Hausdorff convergence, we have voU t . [B Wt {x,r)') > 

(1 — <5)vol(L>(?) f° r any x € K and t sufficiently close to T. By Lemma [3.31 the Ricci 
curvature Ric(wt) < Cut uniformly on K for some constant C = C{K). Together with 
the uniform L°° bound of ut, the continuity equation ED then shows 

C~ l u to < u t < Cu to , on I< 

for some C = C(K) independent of t < T. Then by a standard bootstrap to the complex 
Monge-Ampere equation (j2.4|i we get the uniform C k estimate of the metrics ut on K , for 
any k > 1. This is sufficient to prove the smooth convergence of ut on K. 

(2) Since M reg has smooth structure in Mt we have immediately id(M reg ) C 1Z. Next 
we show the converse, namely id(M reg ) is the maximal regular subset of M\p. The idea 
follows from [22]; see also [26] . We argue by contradiction. Suppose we have a point 
p £ 7£\id(M reg ), then there exists a family of points pt £ M s j ng such that pt —> p. Denote 
m = dimcMging. By C 1,a convergence on 1Z. there exist C,r > 0 independent of t and a 
sequence of harmonic coordinates on B ult (p tl r ) such that C~ 1 ue < ut < Cue where ue 
is the Euclidean metric in this coordinate. Then 

voU (M sing n£^(p t ,r)) = f w?>\ ( C~ x ueT 

JM s i^ e nB bJt ( pt,r ) JM sius nB u , E (C 1 / 2 r) 

which has a uniform lower bound C~ 2m c{m)r 2rn where c(m ) is the volume of unit sphere 
in C m . This follows from the classical analysis of the lower volume estimate or multiplicity 
estimate of an analytical set in the Euclidean space. However, this contradicts with the 
degeneration of the limit metric rjT along M s i ng : 

voU (M sing nB Ut {p t ,r)) < voL t (M sillg ) = f uf 1 = f r,™ = l 1 -—f uff 

^ -^sing ^ -^sing V J J -^sing 

which tends to 0 as i —> T. So we have id(M reg ) D TZ as desired. □ 

It follows that, for any Hermitian fine bundle {V , h’) and k £ Z, the twisted line bundle 
(.U ® K k ,j. h' <g> (u t ~ n ) k ) converges smoothly to a limit Hermitian line bundle (L' <g> Kh' ® 

(uif n ) k ) on 1Z. Another corollary is M amp C M reg . 

3.3 L 2 estimate to 5-operator 

Let L = Iq(L' +TKm ) be the limit line bundle. Up to raising the power £q, we assume that 
(i) L is semi-ample and (ii) L—Km is ample. The later follows from L—Km = +tAju) 
where L' + tI\M is ample because t = T — ^ < T. 

Let 7Jt, ut. be defined as in the previous section. Choose a Hermitian metric h L i on 
L 1 whose curvature form 0^ , = uq and put h t = h l °, <g> (u^ n ) ( ° T , a family of Hermitian 
metric on L for any 0 < t < T. The curvature form of ht is 

@h t = A) —wt — £o — ~ —wq. (3.10) 
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Lemma 3.12. For any k > 1 and smooth section £ € r(T 0,1 (g) L k ) we have 

[ m 2 + \d*Z\ 2 W> MQT - 1 [ leiV,ViG[T--±-,T). (3.11) 

JM t Jm kIq 

Proof. Combining with the curvature formulas ()3.10l) and Ric(wt) = 41,0 derives 


0 h? + Ric(wt) = ^(1 - fc€ 0 (t - T)) + T - 1). 


Then apply the Weitzenboch formula (|3.3D . 


□ 


Proposition 3.13 (L 2 estimate). For any k > jfip and t € [T — ^,T) and £ € 
C°°(M, T 1,0 M (g) L fc ) with df = 0 we can find a solution dq = £ w/uc/i satisfies 



(3.12) 


Proof. By above corollary, the Hodge Laplacian Ag on T 1,0 M (8) L k is strictly positive, in 
fact A g > kC oT-i > when fc > This in turn implies the first positive eigenvalue of 
A q on L is bigger than §. The solvability of ds = £ and the L 2 estimate of the solution 
are easy from classical Hodge theory. □ 


3.4 L°° estimate to holomorphic sections 

Recall that the curvature of ht 


T T — t T 

@ht = A) ~ A)-7-Wq < A) —LUt 


t 


t 


t 


So, by the Bochner formula (13.11) we have 


> |V ? | 2 Nt - ke 0 j\c\l>, V<7 € H°(M-L k ). 


(3.13) 


Also recall that we have the following well-known Sobolev inequality: for any R > 0, 
there is C(R) independent of t such that 

n — 1 

( [ " <C(R) [ (/ 2 + |V/|£>?, 

\dB ut (x o,R) J j Bu t {xo,R) 

for all /ecj (Bu t (x 0 , R)). 

By a standard iteration argument we have 

Lemma 3.14. For any R > 0, there exists C{R) independent oft and k > 1 such that 
for any ? < t < T and B LOt (x,2r) C B uh (xq, R), if s € H°(B UJt (x, 2r); L k ), then 


sup |?| 2 hk < C(R) • r 2n ■ k n [ |?| 2 h kOjf. 

Bui t (x,r) 4 J Bu, t (x.2r) 4 


Bu t (x,2r) 


(3.14) 
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Recall the Cheeger-Gromov convergence 

(M,u t ,xo) ^4- (M T ,dT,x T )- (3.15) 

Define the Hermitian line bundle (Lt, hr) on the regular set 1Z C Mt by 

L t = 4 ,( 1 / + TK-jz), h T = hfy ® u~ ne ° T . 

Under the isometry id : (M reg , d WT ) —>• (My, dr) constructed in Subsection 3.2, the Her¬ 
mitian line bundle is isometric to (L, /i^°, on M reg . Furthermore, the Hermitian 

line bundles (L, ht ) converges smoothly to (Lt, Lt) on 77. 

Corollary 3.15. Let R > 0 be any constant, ti —>• T be any subsequence of times and q 
6 e a sequence of holomorphic sections of L k , k> 1, satisfying 

f IslL S 1. (3.16) 

1 m *i 

Then, passing to a subsequence if necessary, q converges to a locally bounded holomorphic 
section ?oo of Lj, over JZ which satisfies 

sup |?oo| lk < C(R) ■ r~ 2n ■ k 11 [ |?oo| IkOjlf. (3.17) 

B dT (x,r)nn T J B dT {x,2r)C\ll T 

whenever B^ T {x,r) C H^ t (xt, R)■ 


3.5 Gradient estimate to holomorphic sections: a prior L°° finiteness 

Next we derive the gradient estimate to holomorphic sections of L k . Recall that by the 
Bochner formula (13.21) we get, for any holomorphic section ? € H°(M; L k ) and time t < T, 


AJV?| 


2 


> 


\y/hty/ht \2 , lyr/ltyr/lt |2 

l v v + v 

+k£ 0 (T - t) Re (Vjsfc, 


(n + 2)k£oT + 1 

t 



(3.18) 


where s is the scalar curvature of u>t, all terms are calculated with respect to ut and h k . 
To verify this, just notice that Ric = y(wo — <^t) and 

-VjQfj = k£ 0 {T - f)V,% = k£ 0 (T - t)ViS. 

In order to derive a uniform gradient estimate from the formula ()3.23l) we need a Type I 
estimate to the scalar curvature under the continuity equation. Motivated by the Kahler- 
Ricci flow this should be true in general. However, as for Kahler-Ricci flow, it is difficult 
to show the Type I property right now. 

Another approach is to consider the gradient estimate to the limit sections of Lj, on 
1Z. However, a prior L°° bound of holomorphic sections will be necessary for the limit 
process. To do this from now on in this subsection we introduce a new Hermitian metric 
on L, namely, 

h FS = h e °,®n~ e ° T (3.19) 
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where hjj is the Hermitian metric on L' whose curvature ©/,. = u>o, fi is the volume form 
on M whose curvature ©o = t^{uq — rjx). The metric hps has curvature 

&h FS = ?o VT, (3.20) 

where ijt is the induced Pubini-Study metric which satisfies ryr < Cut for some C inde¬ 
pendent of t\ see Section 2. An easy calculation shows that for any 0 < t < T, 

fk = e~ e °T *h FS , (3.21) 

so Hfs is uniformly equivalent to ht for any ^ < t < T. 

In the following computation we denote V? = VV? = V h FsV h Fss and |V0 = 

|V ft ^| A fc gglwt , etc., for any ? G H°(M-,L k ), k > 1. 

Lemma 3.16. For any ^ <t <T and <; G H°(M, L k ), k > 1, we have 

A|?| 2 > |V0 2 — Cfc|0 2 , (3.22) 

and 


A|V0 2 > |VV0 2 + |VV0 2 - MoVjMijk, V ? 0 - ktoVji try, 7 ?T )(V i? , 0 - <70 V0 2 , 

(3.23) 

where C does not depend on t, k and ?. 

Proof. (13.2211 is a direct consequence of the Bochner formula (13.11) . (13.2311 follows from the 
Bochner formula (13.211 


A|V0 2 = |VV0 2 + |VV0 2 - kioVj(rfr)ij(s, V 5 0 - W 0 Vj(tr w t?t)(V^, 0 
+%(Vj^, V*0 - 2Ho(r /T )^(V^,V 7 0 - H o |V0 2 • tr w 7/ T . 

and Ric(wt) = j(w 0 - w t ) > - jcn*. 


□ 


Proposition 3.17. For any R > 0, f/iere exists C(R ) independent oft and k > 1 such 
that for any ^ <t <T and B Ut (x,2r) C B U}t (xo,R), if ? € Ft°(B UJt (x,2r)-,L k ), then 


sup |?| 2 fc < (7(1?) ■ r 2n -k n f 

„Ax.r) Je 


B ut {x,r) 


Irl 2 / , n 

KLfc 

B UJt (x,2r) FS 


sup |V Vs 5 [?i „ < CIR) ■ r " 2 ”" 2 • t ” +1 


L 


KLfc u t • 
B ut (x,2r) FS 


(3.24) 


(3.25) 


Proof. The proof uses Nash-Moser iteration. We only prove the gradient estimate, the 
L°° estimate is obvious by (|3.22l) . For simplicity we may assume 


L 


B ut (x,2r) 


10 V = 1 . 


Then the L°° estimate of ? shows 


sup |0 <C(R)-r~ n k2. 
Bu, t 0>i r ) 
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Keep in mind that tjt < CuJt uniformly for any -j < t < T. Now, for any p > -^0- and 
cut-off p G Co°(B UJt (x, 2 r)) with 0 < p < 1, we have by (13.23[) 

^p 2 |v|v0*f = l^iv^-^vjiv?! 2 

= 4^Tiy / ( - P 2 |V?| 2 (p_ 1) A|V?| 2 - 2p|V0 2 ^- 1 ApV I |V0 2 ) 

< I ( - P 2 |'V?! 2 ^- 1 ) (|VV0 2 + |VV0 2 ) 

+klo P 2 \Vtf (p ~ 1) (VjMijk, Vj0 + Vj(tr w 7 / t )(V^, 0) 
+CV|V0 2p - 2 /9 |V0 2 ( p - 1 )v iP V-|V ? | 2 ^. 


The term f p 2 |V?| 2 ( p ^ ^j(VT)ij(s, Vj0 can be estimated by integration by parts as fol¬ 
lows 

= -k£ 0 |(r?T) iJ V, (p 2 |V0 2 ^- 1 )(^V I 0) 

= -**„1 Mu (VI V0 2(p - 1} « v^, Vi0 + 0, v,v ;S )) 

+(p- l)p 2 |V0 2 ^- 2 )V,|V0 2 (^V^) + 2p\Vs\ 2{p ~ 1) V j p(c;,V- i ^ 

<lj p 2 |v?| 2(p - 1 >(|vv?| 2 + |vv?| 2 ) +c(p- i) 2 k 2 J A I 2 |v0 2(p - 1} 

+C/c J (|Vp| 2 |0 2 |V0 2 ^+p 2 |V0 2 ^; 

similar estimate remains valid for f Mop 2 \ V?| 2 ( p_1 ) Vj(tr w f?T)(Vj?, 0; moreover, 

-2 J pIv^AAav?! 2 

< \J p 2 |V0 2 ( p - 1 )(|VV0 2 + |VV0 2 ) + J |Vp| 2 |V0 2p . 

Summing up the estimates we get 


P 2 |V|V0 p | 2 < cA/(p 2 |V0 2 ^ + |Vp| 2 |0 2 |V0 2 (- 1 ) 

+|Vp| 2 |v0 2p + Akl 2 |v0 2(p " 1} 
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Applying the Sobolev inequality we have 


(p|v?n 


n — 1 
2 n \ n 

— T I < 


Cp 3 k j (p 2 |V^| 2p + |Vp| 2 | ? | 2 |V^| 2(p - 1) 
+|Vp| 2 |V?| 2p + fcAl 2 |V?| 2 (p " 1 A, 


where C = C(R). We next consider three independent cases to run the iteration. Put 
Pj = zA +1 , j > 0, where u = . Define a family of radius inductively by ro = |r and 

rj = r'j_i — 2 and a family of cut-offs pj € Co°(Bj) where = B Ut (xo,rj) such 
that 

0 < Pj < 1 , | V pj | < 2 - J+ 2 r ~ 1 and pj = 1 on Bj+\. 

Above formula finally gives, by setting p = pj, 

n — 1 

|V^ +1 ^ " < Cpp 2j kr~ 2 J (|V?| 2 ^ + %| 2 |V?| 2fe_1) ), Vj > 0. (3.26) 

Case 1: ( f B |V?| 2pi ) p i > k( f B |?| 2pj ) p i , for all j > 0. Then, 

[ |v?p 

J Bj 


IB 


'3 + 1 


[ m 2 \v^-^<kff |v?i 

v \ t/ 5 -1 


2 Pj 


1--U 

Pi 


'Bn 


< 


1 2 Pj 


Then (|3.26D gives 

[ |V?| 

'B i+ 1 

By an easy iteration, 


2 Pj+l 


Pj+l 


<(Ckr~' z ) p ipj j 4: p p j |V?| 


2 Pj \ p i 


, Vj > o. 


|||V ? | 2 || lP , (Sj) < {Ckr- 2 )^~ l -Up? -4^ 
In particular by letting j —>• oo we obtain 


sup |V ?| 2 < (Cfer " 2 )"- 1 ■ C(n) 

(z,r) 


Finally, a cut-off argument gives 

|V^)'<C(H)/ 


11^1 ILpo(Bo)’ Vj > 0. 


/Bo 


|V?| 


2 u 


Bq / J Bu, t (x,^r)\D 


(|VV ?| 2 + |VV ?| 2 + r" 2 |V?| 2 ) < C(R)k~ 2 r ~ 4 


In the last inequality we used the lemma below. So we have 

sup |V ?| 2 < C{R){kr~ 2 ) n+l . 

Bui t (x,r) 
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1 1 

Case 2: There exists jo > 0 such that ( j B |V<,| 2pj ) p j > k(f B , k| 2pi ) Pj for all j > jo 


( / |V?| 2p *)**> <k(f |?| 2 ^o)4o. 

J B j0 Jb 30 

f fc|?| 2 |V<j| 2 ^0 _1 ) < k Pj O I |?| 2pj 0. 

J Bj o J Bj 0 

By a same iteration for j > jo + 1 as above we have, 


Then, 


sup |V?| 2 < {Ckr~ 2 ) p n+1 

Bu t ( x,r)\D 


E^ _i 


C(n) ■ ( f iV-f^W 1 
^ ^Bj 0+ i J 


< (CA;?’- 2 )^ El/ * 

n 

< (Ckr~ 2 ) Pj o ■ k ■ 
The supremum estimate of | Vc| follows from 

2 (p j 0 -i) 


/B 


|V?| 2p *> + fc|?| 2 |V?| 2(p *“ 1 ) 


JO 


| ? |2Pio V i0 


/ B 


’jo 


IB 


’jo 


?| 2pj o ) J0 < (sup|?|) ^0 

/ 


IB 


JO 


M 2 ° <{Ckr~ 2 ) 


1 J_ 

Case 3: (f B |V?| 2pi ) p J < &;( / B . k| 2p2 ) Pj for all j > 0. It is obvious that 
sup |V?| < k sup kl < Ck n+1 r~ 2n . 

B ult (x,r ) B„ t (i,r) 

Summing up the three cases we conclude the gradient estimate on B Ut (x,r). 
Lemma 3.18. Assume as in above proposition. We have 


[ „ |V ? |V < Ckr~ 2 [ 

JB ut (x,jr) Je 


Bui t (x,2r) 


i r |2, ,n 
Kl i 


and 


[ (|VV?| 2 + IVV?! 2 )^ < Ck 2 r~ A [ 

'B ut (x,lr ) JE 


Bu t (x,2r) 


Irl 2 / j n 


□ 


(3.27) 


(3.28) 


where C is a constant independent oft, k and ? € H°(B Ut (x,2r), L k ). 

Proof. Let p € C^°(B ult (x, ^r)) be any cut-off such that 0 < p < 1, |V/?| < 100r~ 2 and 
p = 1 on B Ut (x , |r), then by (|3.22|) , 


JP 2 |V ? | 2 <Ckj P 


• 2 k| 2 + / p 2 A | ? | 2 
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where 


j p 2 A| ? | 2 = -2 j pV-AWi^)^ 1 - I p 2 |V?| 2 + 2 J |V ? | 2 M 2 . 

Thus, 

[ P 2 |v?| 2 < Ckr~ 2 [ | ? | 2 . 

J J B^x^r) 

The first estimate follows. Then, by (I3.23p . 

J p 2 (|VV?| 2 + |VV?| 2 ) 

< J p 2 (a|V ? | 2 + V 5 0 + MoVj(tr w r/ T )(V^, ?)) + Ck J p 2 |V ? | 2 , 


where 

I p 2 A|V ? | 2 = -2 J pS7 lP V- |V ? | 2 <\j p 2 (|VV?| 2 + |VV^| 2 ) +8 J |Vp| 2 |V ? | 2 , 


J H o p 2 V J (r 7T ) iJ x 2 (^,V i 0 = -J H o p 2 (r/T) i j((V^,V^) + ( ? ,V J V i 0) 

-2fc4 J pMijVjpfaVi?) 

< If P 2 \^\ 2 + Ck 2 f p\\ 2 + c J |Vp| 2 |V^| 2 , 

the estimate to the integrand Vj(tr w rir){S/j^, ?) has the same form. Summing up these 
we get 

[ (|VV?| 2 + |VV?| 2 ) < Ckr~ 2 [ \\7s\ 2 + Ck 2 [ |?| 2 . 

JBu t (x,jr) J Bu; t (x,^r) J B u , t (x,2r) 

Then use the first estimate once again on B Ut ( x i ir r ) § e t the second estimate. □ 


3.6 Gradient estimate to holomorphic sections: estimate to the limit 
sections 

Notice that the Hermitian metric hps is equivalent to ht. So, by the gradient estimate in 
Proposition 13.17l we have that any holomorphic section ? E H°(M'L k ) satisfies a uniform 
L°° gradient bound 


sup 

B U( (x 0 ,R) 




2 


<C(R,k) f \A h ^t 

J B ut (xo,2R) 


(3.29) 


where xo E M\Sm is the base point in the Cheeger-Gromov convergence, C(R,k) is a 
constant depending on R and k but independent of t and ?. This type of estimate is not 
good enough for constructing local peak sections as the power k becomes sufficiently large. 
A better estimate can be proved based on the following technical lemma. 
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Lemma 3.19. There is a family of cut-offs 7 e € Cq°(TZ), e > 0, with 0 < 7 £ < 1 such that 
7“ 1 (1) forms an exhaustion of 1Z and, moreover, 

/ \8^ e \ 2 u}f -> 0, as e —)• 0. (3.30) 

J Mj' 

Proof. Notice that by Proposition 13.111 the regular set (71, u>t) can be identified with 
(Mr e g, lot) where M reg is the regular set of the holomorphic map T : M —>• C P N . The 
metric ujt = + a/—1 ddux where ut is a bounded potential. Then the lemma is more 
or less standard in the pluripotential theory. For a detailed proof we refer to 1.39, Lemma 
6.4]; see also [lOj or |26l Lemma 3.7]. □ 

By a standard iteration we have (cf. [26]) 

Proposition 3.20. Let R > 0 he any constant, t t —y T be any subsequence of times and 
<7 be a sequence of holomorphic sections of L k , k > 1 , satisfying 


[ ML^"<1- (3-31) 

J M *» 

Then, passing to a subsequence if necessary, q converges to a locally bounded holomorphic 
section ?oo of L\ over 7 Z which satisfies 


sup 

Bd T ( x,r)m 


IV" 




B d (x,2r)CXR, 


Ir I 2 n n 
|Soo| hkfJTi 


(3.32) 


whenever Bd T (x,r) C B,i t (xt, R)■ 


3.7 Algebraic structure of Mr 

Recall the holomorphic map : L —y C P N defined by an orthonormal basis of (L, Ho) 
where N = dim H°(M ; L) — 1, Hq is any fixed Hermitian metric. For any time t, the map 

= 4> : (M,w t ) -> ($(M),u FS ) 

is Lipschitz with a uniform Lipschitz constant, since $*ujfs = &oV t < Clout for any 

t < T. Let ij —y T be a sequence of times and (M,u ti ,x o) ^4 (Mt,cIt,xt) be the 
Gromov-Hausdorff convergence considered in Subsection 3.2, then by a diagonalization 
argument, up to taking a subsequence, 4*^ converges to a Lipschitz map 

4?r = linr 4 * 4 . : (Alj , ,d r p) —y ($(M), ujfs)- 

U->T 1 

Proposition 3.21. 4>r injective. 

If Mr is compact, then 4>r is a homeomorphism. In general we have 
Proposition 3.22. 4>r is a local homeomorphism. 
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Therefore the limit Mt is locally algebraic. The procedure to prove the propositions 
are contained in the work of Donaldson-Sun m and Tian [38], [39]. We outline a proof 
following [39 ]. 

The Hermitian line bundles (L, M ) have curvature 0/j. = ior-^u ~ As 

ti —>• T, the Hermitian line bundles (Lffitj) converges smoothly to a limit Hermitian line 
bundle ( Lt, hr) over 1Z whose curvature 

&h T = A)wt, on 1Z. (3.33) 

Step 1: Construction of local approximating holomorphic sections. 

Let p E Mt be any point. Let rj —>• 0 be a decreasing sequence of radius, kj = rj 2 E Z, 
and C p = lirrij^oc (Mt . r~ 1 dr , p) be a tangent cone at p. By the regularity theory of 
Cheeger-Colding BB and Cheeger-Colding-Tian [7], we have 

Ti. C p is smooth outside a closed subcone S p of complex codimension at least 1 which is 
the singular set of C p ; 

T2 . There is a Kahler Ricci-flat cone metric uj p of the form — 1 ddp 2 on C p \S p , where p 
denotes the distance function from the vertex of C p , denoted by o. 

T3. Denote by L p the trivial bundle C p x C over C p equipped with the Hermitian metric 
e -^op 2 | • | 2 . The curvature of this Hermitian metric is given by u p . 

For any e > 0, we put 

V{p\e) = {y € C p \y E B e -i(o,u p )\B € (o,u p ), d{y,S p ) > e }. 

For any e > 0 and 6 > 0, we can have a jo = jo(e,S) such that rj 0 < e 2 , and for each 
j > jo, there is a diffeomorphism 4>j : V(p; |) —> Mt\S, where S is the singular set of Mt, 
satisfying: 

(i) d{p,<f>j(Y(p-,e))) < 10 erj and ^-(V(p;e)) C B (1+e -i )rj .(p); 

(ii) The Kahler metric ojt on Mt\S satisfies 

\\ r j 2 (j)*jUT ~ u p \\ C 6(y(p-i)) < (3-34) 

where the norm is defined in terms of the metric u p . 

Lemma 3.23. Given e > 0 and any sufficiently small 5 > 0, there are a sufficiently 
large j, a diffeomorphism <pj : V(p; |) —>• Mt\S with properties (i) and (ii) above, and an 
isomorphism ipj from the trivial bundle C p x C onto L k i over V(p;e) commuting with (fj 
satisfying: 

\^jiX)\h T = e ~ £ ° P ~ and llV^-llce^)) < (3-35) 

where V denotes the covariant derivative with respect to the metrics hr and e~ iop2 | • | 2 . 

We refer the readers to [39l Lemma 5.7] for its proof. The proof uses that the limit line 
bundle ( Lt ,/it) is Hermitian Einstein, namely &h T = ^ 0 wt- We also need the following 
lemma. 
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Lemma 3.24. For any e > 0 ; there is a smooth function 7 ^ on C p satisfying: 
(!) 7e(y) = 1 */ d(y,S p ) > e; 

(2) 0 < < 1 and 7 z(y) = 0 in an neighborhood of S p ; 

(3) | V 7 e | < C for some constant C = C(e) and 


L 


S--1 (o,Wp) 


|V 7 « 


|2 n 

I 


< 


e. 


This is exactly Lemma 5.8 of [ 39] . It holds trivially for two simple cases: (a) S p is 
of codimension at least 4 and (b) the tangent cone C p splits as C n_1 x C' p where C' p is 
a 2-dimensional flat cone. The general case when S p is of codimension 2 can be proved 
by recursion based on the construction of peak holomorphic section in Step 2 below; see 
Appendix A of [39]. If x € C p has an iterated tangent cone of form x C' x , then the 

singular set around x is a locally analytical set modeled by taking the limit of the ample 
locus M ani p on the original manifold. 

Assuming the two lemmas, one can find for any e one 0 < e = e(e) < e such that 

Sudd(AA C V(v:e) and then one i = i(e) satisfvine Lemma 13.231 for e. Then r = Vh'( 7el) 

k • 

extends to a smooth section of Lji on Mt which satisfies: (4) t is holomorphic on 
and (5) 



2 

kj 

hrp ®kjUT 


(kj(d'z i ) n ^ £. 


Step 2: Existence of holomorphic peak sections on M. 

Let p £ Mt satisfies dr(P)-cr) < R- Suppose pt € M satisfies p t p under the 
Cheeger-Gromov convergence. By the smooth convergence on the regular set 4>j(V(p;e)), 

k■ 

the approximating holomorphic section t on Lrf descends to a family of smooth section 
of L kj on M, denoted r,;, via a family of smooth maps fi : TZ —> M representing the 
Gromov-Hausdorff convergence {M,uj ti ,xo) which satisfies: 


Supp(rj) C fi{</>j(V(p-,e))) C B kjCJt .(pi, 2 v / %e), 

< e, on fi((j>j(V(p-,e))), 


11 /x -to d 2 k ( x,pi ) 
R > + . 


and 


C 


J A 


(^r <c, 

M h t f ®kjW ti 


(3.36) 

(3.37) 

(3.38) 


for some constant C = C(R ) depending on the volume ration of the tangent cone C p , and 

[ \dTiW (kjUJ ti ) n < 2e, (3.39) 

7 m h tl 


for any i sufficiently large. We may assume that 

fi{MV(p; 2 e&))) n 5*.^ fa, 4e^) / 0, (3.40) 
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(3.41) 


B kju ti ( p'i , ) c fi {4>j(V (p; e))), 

for some p\ € M with d kjUt . (pi. qi) < 2e^. When i is large enough, T — ti < 2 ^ fc . , so by 
the L 2 estimate in Lemma 13.131 there exists a smooth section Vi solving dvi = §Ti with 


[ \ Vi \ 2 k (kju ti ) n < C ■ e 
JM V 


(3.42) 


for some C independent of i. Noticing that is holomorphic on B kjUJt \p' i , 5 e4 ")> by the 
L°° estimate in Lemma 13.141 


\vi\%iPi) < Ce 






i \ v i\,kj <Ce 2 . 


(3.43) 


where C = C(R). Therefore, Oi = Ti — v% dehnes a holomorphic section of L k satisfying 

i 1 


\Vi\kApi) >e I** 


K 


- e - Ce* > - 


(3.44) 


once e = e(p) is chosen sufficiently small. On the other hand, <jj = Vi outside ft (4>j(V(p; e))), 
a domain satisfying 

sup d kjUt , ( pi,x ) < sup d kjdT (p, x) + l< e _1 + 2. 

*6/ i (0 J -(V(p;e))) 2 xeMV(p;e)) 


Therefore, for any x € M with e 1 + 3 < d kjUt . (. x,pi) < 2k? R, an iteration gives 

(*) < C [ \ai\ 2 k (kjU ti ) n <Ce 

h h JB hjUti (x,i) \ 


where C = C(R). Noticing that kj = r- 2 and rj < e 2 , we conclude 


Wi\ h ki < Ce 2 , on B ut . (x, 2R)\B Ut . (p h 2e). 

(3.45) 

Besides 113.441) and (13.451) the section cr,- also satisfies 


c~ 1 <[ WillkAkjU^r < c 

J Buj t '(pi, 2e) h ti 

(3.46) 

and 


/ KI%(Vh) n <c'-e 

J M\B ut .(pi, 2e) “ti 

(3.47) 

for some C = C(i?) independent of the specified i, j and ?. 

Passing to a subsequence if necessary, the sequence of points p\ 

converge to a point 

p 1 (EH with dx(p,p') < 2 kj 2 e ^, the sections <7j € iL°(M; L k ) converges to a holomorphic 
section <7oo € H°(TZ ; L^) such that 


(3.48) 
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(3.49) 


Woo on B dT (x T , 2 R)\B dr (p, 2e), 

C" 1 < 


/ koo \\(kjUT) n <C 

I B d (p,2e)nTl h T 


and 


L 


10 - 001 V ( kjU T ) n < c • e 
n\B d (p,2e) h T 


for some C = C(R). By the gradient estimate in Proposition 13.201 we have 


(3.50) 

(3.51) 


(3.52) 


if e is chosen sufficiently small. 

Step 3: <I >7 is injective. 

For any R > 0 , p, q € Bd T (xT, R), and any e << drip, q ), there is an integer k = k(p, q ) 
and sections a p € H 0 (R; Lj ,), 04 € H 0 (R.\ Lj>) such that (|3.49|) - (I3.52I) hold respectively at 
Pi,qt, for C = C(R). Notice that by Schwarz inequality, 



< 


L 


\Gn\\&t 


n\B dr (q,2e) 


,K+ [ 

Jt< 


I \\&< 


n\B dT (jp,2e) 


r| W T 


< Ck 2 [ \a q \ 2 ojt) 2 + 

V Jn\B dT (q, 2e) 

< Ck~ n eh. 


B\Bd T (p,2e) 



Let dp and d g respectively be the unit normalization of < 7 p and cr g — (<r p , cr q ) h ka q , then er p 
is orthogonal to d g , and 

kplft$.(p) > 4 ^ kpl*$.(g) < Cei 


|d 9 |^fc(g) > i -Ce2, 


where C = C(R). Thus, 


5p(p) 

1 

and, 

^(9) 

Ce 2 

s' 

dqip) 

— 1 
4Ce2 

£?(?) 

- 8 


Denote by : M C P Nk , N/, = dim H°(M; L k ) — 1, the holomorphic map defined 
by an orthonormal basis of (L, h\). Let pi —>• p, qi —>• q under the Gromov-Hausdorff 
convergence. Then 

limd fS ($*(p i ),${( ft ))>C 5 - 1 

ti y 1 

for some C 5 = C$(R) > 0. By the uniform equivalence of ht , we have 

lim v d FS ^Pi)M{<li)) > C'e " 1 

t j ^ -Z 
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for some Cq = C§{R,k) > 0. Then applying the effective version of the finite generation 
of the canonical ring 0 fc>o H°(M\ L k ), see the discussion in §3.1, we have 

\imd F s(®(pi), ®{qi)) > Cf 1 

t-i y T 

for some Cj = Cy(R, k) = Cy(R,p, q ) > 0. It means that 

dFsi^rip), ®t(q)) > C? 1 . 

Therefore, the map ‘hr is an injection. 

Step 4: &t is a local homeomorphism. 

By the discussion in Step 3, together with the relative C° estimate in Proposition 13.171 
for any p € B(xt, R) and q with dx(p, q) = 1 , there exists 5(p, q) > 0 and r(p, q) > 0 such 
that 

d FS ($(z),$(p)) > 5(p,q), Vx € B(q, r(p, q)). 

Since dB(p, 1) is compact, we can find a uniform 5 > 0 such that 

dFs{$(q),®(p)) >d,\/q€ dB(p, 1). (3.53) 

It follows that is an open map. Since <3? is also an injection, it must be a local homeo¬ 
morphism. 

4 Metric structure of the limit space 

Let be the solution to the continuity equation (11.11) and L be the limit line bundle 

defined in the previous section. 

4.1 Diameter bound of the singular Kahler metric 

In [26] . Song developed a method to prove the diameter bound of a singular Kahler- 
Einstein metric. In this subsection, we follow his idea (see also |T5| ) to show the diameter 
bound of ( M\D,u>t ) where D is any divisor such that [wo] — Tci(M) — e[D\ > 0 for some 
e > 0. A bit difference is that the metric lot is a twisted Kahler-Einstein metric. 

More precisely, let p E D be any point, tt : M —» M be the blow-up at p with 
exceptional divisor 7 r _ 1 (p) = E. Then 

= 7T * k m + (n - 1 )E. 

Let 1%e be the Hermitian metric on Le, the associated line bundle of E, and cte be a 
defining section. We denote by D = ^ dj-Dj where Di = ir~ 1 Di is the total transformation 
and hjj = 7 r *ho, Hermitian metrics on L^. Let x a fixed Kahler metric on M. By the 
calculation in m Page 186], see also [32j . the metric Iie can be chosen such that 

vr *ijt + SoV^ddlog ||o-s||^ B > <5ix 
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for some small constants <5o>^i > 0. Observe that 

S2 = \\(TE\\ hE 7T it 

defines a smooth volume form on M. Consider the following family of Monge-Ampere 
equations on M, for 0 < e < |<5o, 

+ ex + V^ldd<p e ) n = e^ £ (|| a E \\l E + e 2 ) n_1 a (4.1) 

By Yau’s solution to Calabi problem (43], the equation has a unique smooth solution ip e , 
for all 0 < e < 4<5 0 ; moreover, 

Cb e =: 7 t*t] T + ex + dd(p t (4.2) 

is a smooth Kahler metric on M. 

Lemma 4.1. There exists C independent of e such that 

-C<<p e < C- (n- 1)T log (\\<t e \\I e +e 2 )- (4.3) 

Proof. The proof uses simply the maximum principle. To get the upper bound, we rewrite 
the Monge-Ampere equation (14.11) as 

(6 + \/—1 dd((p e + f e )) n = er^ e+ f^fl, on M 

where f e = (n-l)Tlog (||cr E ||| B +e 2 ) and 9 = ir*r]T+ex—\/—lddf e . By direct calculation, 
cf. [26, Lemma 4.9], 

\/--I<?<91og (||(T E ||^ b + e 2 )” -1 > —Cx- 

Therefore, 6 < Cx- By maximum principle we get sup(<^ e + f e ) < C. To get the lower 
bound we recall that 


1 2(n—!) n 


1 h E 


c l \WE\\h™ x n < -*Vt) U < C\\a E \ 

for some C > 0 depending on the choice of <r E , h E , fjr and x- By maximum principle, 

ii i|2(n-i) 




> C" 1 inf ■ 


Te 11 


\°E\V hE + e 2 ) n {\We\\I e + e 2 ) 


n —1 * 


The right hand side has a uniform lower bound when 0 < e < |<5o- 
Lemma 4.2. There exist A and C independent of e such that 


□ 


H^ellc 0 < C 


(4.4) 


and 


U3 f < 


C 




| 2 A 


X- 


(4.5) 


Moreover, for any compact subset K C M\D and integer k there exists Cx,k independent 
of e such that 


l^e|lc fc (A') ^ Ck,U- 


(4.6) 
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Proof. The upper bound of (p e implies that Off < Cx n for some C independent of e. The 
C° estimate of <p e follows from [45] or [12]. The proof of the next two estimates are 
standard; see [26] for details. □ 

Furthermore, as in [26], the estimate of cu e can be improved in the ’’normal direction” 
along the proper transformation of D, say F, which is the closure of 7r _1 (Zl\{p}). Locally, 
let B be a disk centered at p and B = tt^ 1 (B). Let fi, - ■ ■ , /at be the defining functions 
of the divisor F in B. Then, totally as in [26], we can prove 

Proposition 4.3. There exists 5 > 0, A > 0 and C > 0 independent of e such that 

C ~ 

tie < -57w-K;- -X, in B • ( 4 -7) 

UoeUZ ’ n l/<l“ 

Proposition 4.4. cu e converges to tt*ujt as e —>• 0 in the current sense. Moreover, the 
convergence takes place smoothly on M\D. 

Proof. It suffices to show that for any sequence tii = cu £i with e* —>• 0, if tii —>• tio in the 
current sense, then cuo = 7 t*cut- 

Write tii = 7T*r]T + CiX + \/ — 1 ddipi, then (pi —> (po for some 7r*r/T-plurisubharrnonic 
function ipo such that tio = + ->/—ldd<pQ. It is trivial that 

+ V—ldd<po) n = e^r n*Q. 

Observe that Mut satisfies the same Monge-Ampere equation 

(■ n*rjT + V— IddMur) 71 = e t MQ. 

Furthermore, both <po and tt*ut are uniformly bounded, both the volume forms e t n*Q 

* 

7T Urjp 

and e t 7r*fl have full measure in the big cohomological class [wo] + TKm- One can use 
the comparison principle [21 Corollary 2.3] to conclude that (po = In other words, 

tio = it* lot- □ 


Corollary 4.5. Assume as above. There exist 5 > 0, A > 0 and C > 0 such that 


TT*LOT < 


C 


| &E 


,2(1-5) 

\h,E 


n i/d 


2A 


-x, 


in B. 


(4.8) 


This implies that any point of D is a finite point in the metric completion of ( M\D , cut)- 
However, it can not be concluded from this the diameter bound of ( M\D,ujt ) • 

From now on we turn to the Gromov-Hausdorff convergence. Let ti —>• T be a sequence 
of times and xq € M\Sm such that 


(M,u ti ,x 0 ) ^4- (M T ,d T ,x T ). (4.9) 

i _ c 1,a — 

Let 1Z be the regular set of Mt with a C L ' a metric cut for any a > 0 such that cut, -—> cut- 

Let $ : M —> C P N be the holomorphic map via an orthonormal basis of (L,ho) defined 
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in the previous section, where N = dim H°(M] L) — 1. After choosing a subsequence, the 

map —>• converges to a Lipschitz map 

^t : (Mr, dr) —t (*&{M),lofs) 

by putting <&r(aO = lim^^Xi) where Xj € M is an sequence satisfying x$ ^4 x. Since 

M\D C M\Sm C M reg , the metric co^ converges smoothly to ujt on M\D. Recall 

Dt = {x € Mr|3 Xi & D such that x,; ^4 x.}. 

The singular set S C -Dt; moreover, ( M\D,uit) is isometric to (Mt\Dt,Ot)- 
Lemma 4.6. <1 >t : Mt\Dt —>■ 3>(M\D) is a bijection. 

Proof. For any x € Mt\Dt, there exists x 7 € M\D such that x ; ^4 x. Then TtC®) = 
lirn <& t . (x 7 ) = <h(x 7 ) € <h(M\D), so &t(Mt\Dt) C 4>(M\D). Conversely, for any x' € 

M\D , we have x / ^4 x for some x € Mt\Dt • This is because (x 7 , D) > 5 uniformly 
for some S > 0 independent of i. Thus, <h(x 7 ) = <l>r(x), the map <J>t is surjective onto 
4*(M\D). □ 


Lemma 4.7. $r : Dt —>• 4*(D) is surjective. 


Proof. Noticing that <h(D) is compact, the limits of points in <h(D) remains in this set, 
so <I>t(Dt) C <h(D). On the other hand, by Corollary 14.51 for any x' € D there exists a 
curve 7 : [0,1] —>• M with 7(0) = x' and 7((0,1]) C M\D such that 


L Wt ( 7)= / |7|a; T di < 00 


Through an isometry from ( M\D,ut ) to ( Mt\Dt,u>t ), the curve 7(f) gives a curve 7(f), 
0 < t < 1, which is bounded. Hence, there is a limit x" = limj_^o7(t) hi Mt- Then, by 
the continuity of 4 >t, 


$r(®") = lhn$ T ( 7 (i)) = lim lim $ ti (7(t)) = lim4>(7(t)) = 4*(x 7 ). 

t->0 t -*0 j->oo t->-0 

Finally from above lemma we know that x" € Dt, i.e., < 3?(x / ) € <3 ?t(Dt). 


□ 


Corollary 4.8. <I>r is surjective. 

Combining with the Propositions 13.211 and 13.221 we conclude that 

Proposition 4.9. <1>t : Mt —>• 4>(M) is a homeomorphism. As a consequence, the diam¬ 
eter of Mt is finite. 

Proof. It is clear that 4>(M) is compact, so Mt is compact and has finite diameter. □ 

Remark 4.10. In [15], Guo presented another proof of the proposition without use of the 
local homeomorphic property. 

Remark 4.11. The continuity method provides an approach to construct Kahler currents 
in the big cohomological classes; as has shown, the Kahler currents are smooth on the 
ample locus. In general it is hard to detect the metric property of the Kahler currents. 
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4.2 Cheeger-Gromov convergence: diameter finiteness 

Lemma 4.12. There exists C such that 

diam (M,ut) < C, VO < t < T. (4-10) 

Proof. It suffices to prove a uniform diameter bound of u>t when t is close to T. This is 
simply a consequence of the relative volume comparison theorem. 

Recall that by the formula (11.111 we may assume that Ric(wi) is bounded below uni¬ 
formly, say 

T 

Ric(a;t) > — (n — 1)A ut, V— <t<T. 

Denote by R$ = diam^ T (Mr). Let e > 0 be any number and D be any divisor such that 
Sm C D. Since the regular set 77 is geodesically convex, we can choose K C M\D , a 
connected and compact subset such that vol Ut (M\I\) < e and diam d UJT (K) < 2 Rq. By 
smooth convergence on K , we have 


vo l ut (M\K) < 2e 


and 

diam^ (K) < 2 diam^ (K) < 2R 0 

for t sufficiently close to T, where the diameter is measured with respect to the intrinsic 
length metric induced by u>t on K. 

Suppose xt € M\K achieves maximum distance to K in (M,ut) and put Ri = Ri(t) = 
d UJt (xt, K). Then by the relative volume comparison theorem we have, when t is chosen 
close to T, 

voU(jg) < vo\-u t {B mo+Rl {x t )) < fS Ro+Rl sinh"" 1 (VXt)dt 

vol u , t (Sfl 1 (a:t)) J^ 1 sinh"” 1 (y/A.t)dt 

If e = e(Ro,A, n, vol Ut (M)) is chosen sufficiently small, this leads to a desired upper bound 
of l?i in terms of vol Wt (M), e, n, A and Rq, which does not depend on the time t. □ 

Now, summing up the discussions in §3.2, §3.7 and this subsection, we end the proof 
of Theorem 11.21 

5 Some examples 

5.1 Minimal models of general type 

In the case when M is a smooth minimal model of general type, the continuity equation 
(11.111 is solvable for all t > 0. We normalize the equation as follows 

(1 + t)u = loo — t Ric . (5-1) 

uj(t) is a family of solution to this equation iff solves the initial equation (11.111 . 

Therefore, I5T1 is solvable for all t > 0. Moreover, as in the case of Kahler-Ricci flow, cf. 
[32; [26] . we have 
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Theorem 5.1. When M is a smooth minimal model of general type, the solution oo(t) of 
<EU) satisfies 

(1) Lo(t) converges as t —>• oo in the current sense to a positive current LOoo E — 2ttc\{M) 
satisfying Ric(a; 00 ) = —oo 0q , 

(2) ui(t) converges smoothly to Woo outside the exceptional locus M exc of the birational 
morphism to the canonical model of M, 

(3) the metric completion of (M\M exc ,u oc ) is a compact length metric space, denoted 
(Afocdoo), which is homeomorphic to the canonical model of M, 

(4) (M,w(t)) converges in the Cheeger-Gromov sense to (M^, ). 

In Kahler-Ricci flow, the global Cheeger-Gromov convergence of u(t) is still unknown; 
see Conjecture 4.1 in [26] . When the Ricci curvature is bounded below, the conjecture is 
confirmed by Guo nsi- 

5.2 Algebraic contractions 

Let A be a normal projective variety and n : M —>• X be an algebraic contraction with 
exceptional divisor E. E has complex codimension 1 or at least 2 respectively when n is 
a divisoral contraction or a small contraction. According to the discussion in the proof of 
Theorem m cf. Sections 3 and 4, we have 

Theorem 5.2. Assume as above. Let loq be an initial Kahler metric in 2irc\{L') for some 
line bundle L'. Then the solution Lo(t) to (11.11) satisfies 

(1) ui(t) converges as t —>• T in the current sense to a current lot satisfying (11.11) at T, 

(2) lot is smooth outside the exceptional locus M exc of it, 

(3) the metric completion of ( M\M exc ,UT) is a compact length metric space, denoted 
(M^, dy), which is homeomorphic to X, 

(4) ( M,uo(t )) converges in the Cheeger-Gromov sense to (Mr,dr)- 

To produce the minimal model program one needs to deform the continuity equation 
m through the singular time T. When n is a divisoral contraction, one can deform the 
equation on X directly; when n is a small contraction, one has to deform the equation 
on the flip of M, so one critical step will be constructing the flips. See Conjectures 4.2 
and 4.3 in PI- We refer to [30] for a full description of the minimal model program by 
Kahler-Ricci flow. 

5.3 Algebraic surfaces 

When M is an algebraic surface, the contractions are blow-downs. Hence, exactly as in 
Kahler-Ricci flow [32] . we have 

Theorem 5.3. Let M be an algebraic surface and ooq E 2ttci{L') for some line bundle L'. 
Suppose T < oo, then either 
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(1) ui(t) collapse at T in the sense that ([wq] +TKm) 2 = 0, or 

(2) uj(t) converges as t —>• T to a blow-down n : M — >• X, along a finite number of 
disjoint exceptional curves, in the sense described in Theorem 15. 2\ 
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